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Abstract. We give a bijective proof of the MacMahon-type equidistribution 
over the group of signed even permutations C2 I A n that was stated in [Bern- 
stein. Electron. J. Combin. 11 (2004) 83]. This is done by generalizing the 
bijection that was introduced in the bijective proof of the equidistribution over 
the alternating group A n in [Bernstein and Rcgev. Sem. Lothar. Combin. 53 
(2005) B53b]. 



1. Introduction 

In Macl3 MacMahon proved that two permutation statistics, namely the length 
(or inversion number) and the major index, are equidistributed over the symmetric 
group S n for every n > (see also |Macl6j ). The question of finding a bijective 
proof of this remarkable fact arose naturally. That open problem was finally solved 
by Foata |Foa68| . who gave a canonical bijection on S n , for each n, that maps one 
statistic to the other. In [FS78| . Foata and Schutzenbcrgcr proved a refinement by 
inverse descent classes of MacMahon's theorem. The theorem has received many 
additional refinements and generalizations, including '( ';n [Car75 | IGG79I IRei93l 
lKrafl5l nrrTfTTl IRR04hl ITCnTTfl IBtaTiK] . 

In |ABR01| . Adin, Brcnti and Roichman gave an analogue of MacMahon's theo- 
rem for the group of signed permutations B„ = C2 lS n . A refinement of that result 
by inverse descent classes appeared in |ABR05| . and a bijective proof was given 
in |FH05J . These results are the "signed" analogues of MacMahon's theorem, its 
refinement by Foata and Schiitzenberger and Foata's bijection, respectively. 

The MacMahon equidistribution does not hold when the S n statistics are re- 
stricted to the alternating subgroups A„ C S„. However, in |RRf)4a| . Regev and 
Roichman defined the £a (A-length), rmaj^ (alternating reverse major index) and 
deLA (A-delent number) statistics on A n , and proved the following refined analogue 
of MacMahon's theorem: 

Theorem 1.1 (see |RR04al Theorem 6.1(2)]). For every n > 0, 

( f.4(tu)^doU(tu) _ q Tma iA n + 1 ( w ) t dc\ A (w) 

= (1 + 2gt)(l + q + 2q 2 t) ■ ■ ■ (1 + q + ■ ■ ■ + q' 1 ' 2 + 2q n -H). 

A bijective proof was later given in |BR05| in the form of a mapping 4" : A n+ \ — > 
A n +i with the following properties. 

Theorem 1.2 (see |BR05I Theorem 5.8]). (1) The mapping is a bijection 
of A n+ i onto itself. 
(2) For every v £ A n+1 , rmaj An+1 (v) = £4 (*(«)) ■ 
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(3) For every v £ A n +i, deU(w) = deU(^(w))- 

A "signed" analogue of the equidistribution over A n was given in |Ber04j by 
defining the £l (L-length) and nrmaj Li (negative alternating reverse major index) 
statistics on the group of signed even permutations L n = C-2 I A n C B n and proving 
the following. 

Proposition 1.3 (see |Ber04l Proposition 4.1]). For every BC [nil] 

{ neL n+1 \Neg(TT- 1 )£B } { Trein+ilNegtTi-^Cfl } 

n-1 

= n( i +^)n( i +«+---+^ i + 2 ^)' 

ieB i=l 

where Neg(7r _1 ) = { — ir(i) | 1 < i < n + 1, ir(i) < }. 

The main result in this note is a bijective proof of Proposition EH It is accom- 
plished by defining a mapping <d : L n+ \ — > L n+ i for every n > and proving the 
following theorem. 

Theorem 1.4 (sec Thcorcm l4.2|) . The mapping is a bijection of L n+ i onto itself, 
and for every tt S L n+ ±, nrmaj Ln+i (ir) = £l(0(tt)) and Neg(7r _1 ) = Neg(0(7r) _1 ). 

The rest of this note is organized as follows: in Section [3 we introduce some 
definitions and notations and give necessary background. In Section we review 
the definition of the bijection and the Main Lemma of |Berf)4| . which gives a 
unique decomposition of elements of L n . In Section0|we define the bijection O and 
prove the main result. 

2. Background and notation 

2.1. Notation. For an integer a > 0, let [a] = {1,2,..., a} (where [0] = 0). Let 
Cfc be the cyclic group of order k, let S n be the symmetric group acting on 1, . . . , n, 
and let A n c S n denote the alternating group. 

2.2. The symmetric group. Recall that S n is a Coxcter group of type A, its 
Coxeter generators being the adjacent transpositions { s, Yi=\ where s; := (i, i + 
The defining relations are the Moore-Coxeter relations: 

Si=l (1 < i < Ti — 1), 

(s lS ;+i) 3 = 1 (l<i<n-l), 

( Sl s 3 ) 2 = l (|i-i|>l). 

For every j > 0, let 

Rj = {1; s Ji s j s j-li ■ ■ ■ j s J s j-l •••Si} C. Sj + 1. 

Recall the following fact. 

Theorem 2.1 (sec [Gol931 pp. 61-62]). Let w e S n . Then there exist unique 
elements Wj £ Rj, 1 < j < n—1, such thatw = wi ■■ ■ w n -i- Thus, the presentation 
w = Wi • ■ ■ W n -i is unique. Call that presentation the S-canonical presentation of 
to. 
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2.3. The hyperoctahedral group. The hyperoctahedral group B n := C2 I S n is 
the group of all bijections a of {±1, ±2, . . . , ±n} to itself satisfying <j{—i) = —cr{i), 
with function composition as the group operation. It is also known as the group of 
signed permutations. 

For a G B n , wc shall use window notation, writing a = [o~i, . . . , o~ n ] to mean that 
cr(«) = (7; for i G [n], and let Neg(cr) := { i G [n] \ a(i) < }. 

B n is a Coxeter group of type B, generated by s\,... ,s n -i together with an 
exceptional generator so := [— 1, 2, 3, . . . , n] (see |BB05I Section 8.1]). In addition 
to the above relations between si,...,s n _i, we have: Sq = 1, (so s i) 4 = lj an d 
soSj = SjSo for all 1 < i < n. 

2.4. The alternating group. Let a, := siSj+i, 1 < i < n — 1. Then the set 
A = {ai}™~l generates the alternating group A n+ \. This generating set comes 
from [MitOlj . where it is shown that the generators satisfy the relations 

a\ - 1, 

of = l (Ki<n-1), 

{a l a l+1 f = 1 (1 < i < n - 1), 

(a iaj ) 2 = l (|i-i|>l) 

(see jMitOll Proposition 2.5]). 
For every j > 0, let 

i?^ 1 = {1, a.,-, djCbj-i, . . . , dj ■ ■ ■ 02, Cbj ■ ■ ■ 0-20-1, a,j ■ ■ ■ a 2 a 1 " 1 } C A J+2 

(for example, R A = {1, 03, 0302, 030201, 03a2a^ 1 }). One has the following 

Theorem 2.2 (see jB,R04al Theorem 3.4]). Let v G A n+ \. Then there exist unique 
elements Vj G R A , 1 < j < n — 1, swc/i </ia< u = Ui ■ • -v n _i, and i/izs presentation 
is unique. Call that presentation the ^-canonical presentation of v. 

2.5. The group of signed even permutations. Our main result concerns the 
group L n := C2 \A n . It is the subgroup of B n of index 2 containing the signed even 
permutations. 

For a more detailed discussion of L n , see |Ber04l Section 3] 

2.6. B n , A n+ i and L n+ i statistics. Let r = X1X2 ■ ■ -x m be an m-letter word on 
a linearly-ordered alphabet X . The inversion number of r is defined as 

inv(r) := #{ 1 < i < j < m | Xi > Xj }, 

its descent set is defined as 

Des(r) := { 1 < i < to I 2^ > a; i+1 }, 

and its descent number as 

des(r) := |Des(r)|. 

For example, with X = Z with the usual order on the integers, if r = 3, —4, 2,1,5, —6, 
then inv(r) — 8, Des(r) = {1, 3, 5} and des(r) = 3. 

It is well known that if w G S n then inv(w) = £s(w), where ts(w) is the length 
of w with respect to the Coxeter generators of S n , and that Des(ui) = Dcss(u;) := 
{ 1 < % < n I £s(wsi) < £s(w) }, which is the descent set of w in the Coxeter sense. 

Define the B-length of a G B n in the usual way, i.e., £b(o~) is the length of a 
with respect to the Coxeter generators of B n . 
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The -B-length can be computed in a combinatorial way as 
^b(c) = inv(er) + i 

iSNcg(cr- 1 ) 

(see, for example, |BB05I Section 8.1]). 

Given a G B n , the B-delent number of a, c1c1b(<7), is defined as the number of 
left-to-right minima in er, namely 

dcLg(cr) := #{ 2 < j < n \ a(i) > a(j) for all 1 < i < j }. 

For example, the left-to-right minima of a = [5, —1, 2, —3, 4] are {2, 4}, so dels (a) = 

2. 

The A-length statistic on A n+ i was defined in |RR04a) as the length of the 
^-canonical presentation. Given v G A n+ i, Ia(v) can be computed directly as 

(1) £a(v) = £s(v) — dcls(u) = inv(w) — dels(w) 

(see |RR04al Proposition 4.4]). 

Definition 2.3 (sec Ber04 Definition 3.15]). Let a G B n . Define the L-length of 
a by 

Mcr) = M ") -dels(o-) = inv(cr) -dels (cr) + ^ i. 

ieNeg(cr- 1 ) 

Given 7r G L n +±, let 

Des^M :={1<»<»-1 | M™0 < £ l (tt) }, 
rm aj in+1 (7r) := ^ (n-i), 

and 

J^maj^+iW : = nnaj in+1 (7r) + i 

ieNeg(7T- 1 ) 

For example, if 7r = [5,-1,2,-3,4] then Des^Tr) = {1,2}, rmaj i5 (7r) = 5, and 
nrmaj Ls (n) = 5 + 1 + 3 = 9. 

Remark 2.4. Restricted to A n +i, the rmaj in statistic coincides with the rmaj^ 
statistic as defined in RR04a and used in Theorem 1 1.21 

3. The bijection * and the decomposition lemma 

3.1. The Foata bijection. The second fundamental transformation on words $ 
was introduced in Foa68 (for a full description, see Lot83 Section 10.6]). It is 
defined on any finite word r = X1X2 ■ ■ ■ x m whose letters x%, . . . , x m belong to a 
totally ordered alphabet. Instead of the original recursive definition, we give the 
algorithmic description of $ from |FS78J . 

Algorithm 3.1 ($). Let r = X1X2 ■ ■ ■ x m ; 

1. Let i := 1, r[ := x\ ; 

2. If i = m, let $(r) := r\ and stop; else continue; 

3. If the last letter of r[ is less than or equal to (respectively greater than) Xj+i, 
cut r[ after every letter less than or equal to (respectively greater than) Xj+i ; 

4. In each compartment of r[ determined by the previous cuts, move the last 
letter in the compartment to the beginning of it; let t[ be the word obtained after 
all those moves; put r' i+1 := t\ Xi+\ ; replace i by i + 1 and go to step 2. 
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3.2. The covering map / and its local inverses g u . Recall the S- and A- 
canonical presentations from Theorems 12.11 and 12.21 The following covering map 
/, which plays an important role in the construction of the bijection relates 
between S n and A n+ \ by canonical presentations. 

Definition 3.2 (see jRR04al Definition 5.1]). Define / : Rf -> R$ by 

(1) f(ajO,j-i ■ ■ ■ at) = SjSj-i ■ ■ ■ st if I > 2, and 

(2) f(aj ■ ■ ■ oi) = f(aj ■ ■ ■ a^ 1 ) =s r --s 1 . 

Now extend / : A n +i — > S n as follows: let u € -An+i, V = «i • • ■ t>n_i its A-canonical 
presentation, then 

/(«) :=/(«i) ■■■f(v n -i), 
which is clearly the S-canonical presentation of f(v). 

In other words, given v G A n+ \ in canonical presentation v = Oj* * • • o| r s 
we obtain /(u) simply by replacing each a by an s (and deleting the exponents): 
f(v) = Sil s l2 ■■ -s ir . 

The following maps serve as "local inverses" of /. 

Definition 3.3. For u G A n+ \ with ^4-canonical presentation u = u±U2 ■ ■ ■ u n —i, 
define g u : i?f — > -R/ by 

g u (sjSj-i ■ ■ ■ S( ) = cijdj-i ■ ■ ■ at if ^ > 2, and g u {sjSj-i • ■ ■ si) = Uj. 

Now extend g u '■ Sn —> A n+ i as follows: let w £ 5 B! m = t«i ■ ■■ uVi-i its S'-canonical 
presentation, then 

g M (w) := 3„(u>i) • • • g u (w n -i), 
which is clearly the ^4-canonical presentation of g u (w). 

3.3. The bijection \E'. Let w = X1X2 ■ ■ ■ x m be an m-lettcr word on some alphabet 
X . Denote the reverse of if by r(w) := x m x m -\ . . . x\, and let $ := r$r, the right- 
to-left Foata transformation. 

Definition 3.4. Define : A n+1 -> A„ +J by $(v) = g v ($(f(v))) . 

That is, the image of v under is obtained by applying <f> to f(v) in S n , then 
using g v as an "inverse" of / in order to "lift" the result back to A n+ \. 
Some of the key properties of '5 are given in Theorem 1 1.21 

3.4. The decomposition lemma. 

Definition 3.5. Let r = X\ . . . x m be an m-letter word on a linearly-ordered al- 
phabet X. Define sorter) to be the non-decreasing word with the letters of r. 

For example, with X = Z with the usual order on the integers, 
sort(-4, 2, 3, -5, 1, 2) = -5, -4, 1, 2, 2, 3. 

Definition 3.6. For n £ L n +U define s(ir) E L n +\ by 

s ^ = | *«■*(*■)> if E ie Nc g ( 7 r-i) * is even ; 

lsori(7r)si, otherwise. 

The following lemma gives a unique decomposition of every element in L n into 
a descent-free factor and a signless even factor. 
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Lemma 3.7. For every ir £ L n +ij the only a G L n +i such that cr _1 7r 6 A n +\ and 
deSA(c) = is a = s(ir). Moreover, a = s(tt) and u = <7~ 1 tt satisfy DesA(u) = 
Des J 4(7r), inv(u) — dcls(u) = inv(7r) — dcls(7r), and Neg(7r _1 ) = Neg(<7 _1 ). 

See |Ber04l Lemma 4.6] for the proof. 

Corollary 3.8. If a G and des^t (cr) = 0, then for every u G A n+ \, s(o~u) = a. 

4. The main result 

Definition 4.1. Define 6 : L n+ i — > L n +i for each n > by 

6(tt) = s(7r)^(s(7r)" 1 7r). 

Theorem 4.2. TTie mapping Q is a bijection of L n+ \ onto itself, and for every 
ir G L n+1 , nrmaj iji+i (7r) = e L (Q(n)) and Ncg^- 1 ) = Neg(8( 7 r)- 1 ). 

Example 4.3. As an example, let ir = [3, —6, —4, 5, 2, —1] G L§. We have 
Des^M = {1, 3, 4} and therefore nrmaj if5 (7r) = 4 + 2 + 1+ 6 + 4 + 1 = 18. Since 
EieNcg^- 1 ) i = 11 is odd, we have a := s(n) = sort{it)si = [-4, -6, -1, 2, 3, 5] 
and u := cr _1 7r = [5, 2, 1, 6, 4, 3]. One can verify that the A-canonical presentation 
of u is u = (l)(a 2 )(a 3 a 2 a^ 1 )(a 4: a 3 ), so f(u) = (1)(s 2 )(s3S2Si)(s4S 3 ) = [4, 1, 5, 3, 2]. 

Next we compute $(/(■«)) as follows: r := r(f(u)) — [2, 3, 5, l, 4]. Applying Al- 
gorithm EHI to r we get 

rj = 2 
^ = 2 | 3 | 

= 2 | 3 | 5 

= 2 | 3 | 5 1 | 
$(r) = r 5 = 2 3 1 5 4 , 

so v := $ (f(u)) = [4, 5, 1, 3, 2], whose ^-canonical presentation is 
v = (l)(s 2 )(s 3 s 2 si)(s 4: s 3 s 2 ). Therefore = g u (v) = {l)(a 2 )(a 3 a 2 a^ 1 )(a 4 ,a 3 a 2 ) = 
[2, 5, 6, 1, 4, 3]. Finally, 6(tt) = £rtf(«) = [-6, 3, 5, -4, 2, -1], and indeed ^(6 (tt)) = 
7 - + 11 = 18 = nrmaj L6 (7r). 

Proof of Theorem \4-H\ The bijectivity of 9 follows from the bijectivity of to- 
gether with Corollary 13.81 

Let 7r G Ln+i, cr = s(tt) and u = ct _1 7t. By Definition 12. 31 

e L (Q{ir)) = £ L (cr*(w)) = inv(er*(u)) - del B (<7*(u)) + ^ i. 

ieNeg((cr*(u))- 1 ) 

By Corollary 13.81 and Lemma 13.71 

inv(cr*(w)) - del B (cr*(w)) = inv(*(u)) - del B (*(u)) 

and 

Neg((avl/(u))- 1 ) = Neg^" 1 ) = Negfr- 1 ), 

so 

£ L (e(n)) = inv(*(u)) - dd B (#(u)) + *' 

ieNcg(7T _1 ) 
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By identity (QJ and Theorem Ol 

inv(*(u)) - del B (*(u)) = = rmaj An+1 (u) = ^ i. 

Again by Lemma E3 Desyi(w) = DesAM, whence by Remark E31 rmaj^ (u) = 
rma Ji„ +1 ( 7r )- Tnus 

^(0(tt)) =rmaj £n+1 (7r) + ^ i = nrmaj in+1 (7r). □ 
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